We give a short and simple proof of a recent result of Dobbins that any point in an nd-polytope is the barycenter of n points in the d-skeleton. This new proof builds on the constraint method that we recently introduced to prove Tverberg-type results.
Here we simplify the proof of this theorem by using the idea of equalizing distances of points to a certain unavoidable skeleton via equivariant maps to force them into the skeleton. We recently used this setup to give simple proofs of old and new Tverberg-type results [2] . Thus we obtain the following slight generalization of Theorem 1.
Theorem 2.
Let P be a d-polytope, p ∈ P , and k and n positive integers with kn ≥ d. Then there are points p 1 , . . . , p n in the k-skeleton P (k) of P with barycenter p =
More generally, one could ask for a characterization of all possibly inhomogeneous dimensions of skeleta and barycentric coordinates: Problem 3. For given positive integers d and n characterize the dimensions d 1 , . . . , d n ≥ 0 and coefficients λ 1 , . . . , λ n ≥ 0 with λ i = 1 such that for any d-polytope P there are n points p 1 ∈ P (d1) , . . . , p n ∈ P (dn) with
Some remarks pertaining to this more general problem are contained in [4] . Still of greater generality is the problem of characterizing the subsets F ⊆ R d that contain a set of n not necessarily distinct vectors p 1 , . . . , p n ∈ F with p 1 + · · · + p n = 0. In other words we are interested in those sets F which contain a not necessarily embedded (n − 1)-simplex with barycenter at the origin. This is equivalent to F n ⊆ R d×n having non-empty intersection with W ⊕d n , where
generically this intersection is empty for dimension reasons. For the proof of Theorem 2 we will need the following lemma.
Lemma 4 (Dold [5] , see also Matoušek [6] ). Let a non-trivial finite group G act on an n-connected CW-complex T and act linearly on an (n + 1)-dimensional real vector space V . Suppose that the action of G on V \ {0} is free.
Then any G-equivariant map Φ : T → V has a zero. 
is an i with x i ∈ F , then there are p 1 , . . . , p n ∈ F with p 1 + · · · + p n = 0.
Proof. The map Ψ : (x 1 , F ) , . . . , dist(x n , F )) is S n -equivariant. Denote the diagonal by D := {(y 1 , . . . , y n ) ∈ R n | y 1 = · · · = y n }. The map Ψ induces by projection an S n -equivariant
The vector space W n is (n − 1)-dimensional and Q is (n − 2)-connected, so Φ has a zero by Lemma 4 applied to the subgroup Z/n of S n , which acts freely on W n \ {0}.
This theorem can be extended to the case that n is a prime power using a generalization of Dold's theorem to elementary Abelian groups; for a rather general version see [3] .
For the proof of Theorem 2 we take for Q a skeleton of a certain polytope. Before proceeding we point out that the following naïve approach using a configuration space/test map scheme to prove Theorem 1 fails: the origin is the barycenter of n points in the d-skeleton of P if and only if the S n -equivariant map (
n to 0. However, for this map to be equivariant the S n -action on R dn must be trivial, and thus S n -equivariant maps (
was to intersect with a test space in the domain to avoid this problem. We will employ that same idea. In contrast to Dobbins we need no requirement of general position. Thus we also do not need any kind of approximation in the proof.
Proof of Theorem 2.
We can assume that p = 0 is in the interior of P , otherwise we could restrict to a proper face of P with the origin in its relative interior. Let first n be prime. Consider again the linear space
of C is homotopy equivalent to a wedge of (n − 1)-spheres and thus is (n − 2)-connected.
Let (x 1 , . . . , x n ) ∈ C (n−1) . By Theorem 5 we need to show that one x i lies in P (k) . Suppose for contradiction that x i / ∈ P (k) for all i = 1, . . . , n. For each x i let σ i be the inclusion-minimal face of P with x i ∈ σ i . We have that dim σ i ≥ k + 1. Each face of C is of the form (τ 1 × · · · × τ n ) ∩ W ⊕d n with the τ i faces of P . The point (x 1 , . . . , x n ) lies in the face (σ 1 × · · · × σ n ) ∩ W ⊕d n but in no proper subface. The dimension is dim (σ 1 × · · · × σ n ) ∩ W ⊕d n ≥ n(k + 1) − d ≥ n. Thus (σ 1 × · · · × σ n ) ∩ W ⊕d n / ∈ C (n−1) , which is a contradiction. The case for general n follows by a simple iteration with respect to prime divisors, as in [4] .
